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11.1 Introduction to Limits
Day 1

The notion of a limit is a fundamental concept of Calculus.

Ex 1) You have 24 inches of wire and are asked to form a rectangle whose area is as large
as possible. What dimensions should the rectangle have?

Using Limit terminology, we can say that "the limit of A as w approaches 6 is 36 and is

written: lim A = lim (12W-w2) =36
Wes6 Wep-0

Definition of a Limit: If f(x) becomes arbitrarily close to a unique L as x approaches ¢ from
either side, the limit of f(x) as x approaches c is L, written  lim f(x) =L
XeawepC

Ex 2) Estimate the limit numerically. Lim (3x - 2)
X C

x| 1.9 | 1.99 ] 1.999] 2] 2.001}2.01] 2.1

/LT N O

Ex 3) lim X
X0 N(x+1) -1

x| -01 -001)-0001 | 0].0001 | 001 | .01
T [ | '

Graph and find the limit.

Ex 4) lim x3-x2+x-1

X a1 X -1
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Ex 5) Find the limit of f(x) as x approaches 3, where fis defined as f(x) = 2, x#3
0,x=3

Ex6) lim  Ixl
X=+0 X
Ex7) lim _1
Xx==0 X

Ex 8) lim  sin(1/x)
X o0

X]
yl

Conditions under which Limits Do Not Exist

The limit of f(x) as x - ¢ does not exist if any of the following conditions are
true.

1. f(x) approaches a different number from the right side of ¢ than it
apporaches from the left side.

2. f(x) increases or decreases without bound as x approaches c.

3. f(x) oscillates between two fixed values of x approaches c.
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11-1 day 2
Basic Limits on page 747.

1. lim b =b
XepC

2. lm x =¢

Properties of Limits on Page 747

. Scalar Multiple:

. Sum or Difference:

. Product:

. Quotient:

. Power:

Direct Substitution and Properties of Limits

Find each limit.

A) lim X2

il

B) lm  5x

C)lim  vx

Xe=bO

D) lim xcosx
Kewadp- 7L
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Limits of Polvnomial and Rational Functions

1. p = polynomial, ¢ = real # lim  p(x) = p(c)
XeebC

2. r = rational function

r(x) =px)
q(x) cis areal number lim rx) = r(c) =p(c
Yemet C g(c)

A) lim (C+x-6)
Xe=-1

B) lim XX 6

Xt -1 X+ 3
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11-2 Techniques for Evaluating Limits
Day 1

2

Ex 1) lim (X +x-6)

Xeb-3 X+ 3

*This works since both functions agree at all but a single number c.
*This technique should only be used when direct substitution produces zero in the

numerator and denominator.

Ex 2) lim X -1
x3 -x2

X—p1 + X -1

Il. Rationalizing Technique: Rationalize the numerator by multiplying the numerator
and denominator by the conjugate of the numerator.

Ex3) lim Vx+1)-1
x=0 X
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Ill. Technology: The dividing out and rationalizing techniques may not work well for
finding limits of non-algebraic functions...more sophisticated analytic techniques are

needed.

Ex4) lim (1+x)"X

Xm0

Ex5) lim sinx
x=0 X
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Day 2on11-2
One-sided Limits: Im f(x) =L lim f(x} =L
Yo C X

Ex 6) Find the limit as x approaches O from left and x approaches 0 if f(x) = _2x
X

Existence of a Limit
If fis a function and ¢ and L are real numbers, then lim f(x) = L if and only if both right and left

limits exist and are equal to L. X=C

Ex 7) Find the limit of f(x) as x approaches 1iff(x) = 4-x, x <1
4x - x2, x> 1

Ex 8) Findthe lim  f(x + h) - f(x)
he0 —F

A) f(x) =5 - 6x

B) f(x) = V(x - 2)
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11.3_The Tangent Line Problem
Day 1
Skip 33

Calculus is a branch of math that studies rates of change of functions.
(They do have applications in real life.)

*rates of change and slope...see page 763
There is a more precise method which we will be doing...
Definition for slope of a graph (page 765)

The slope m of the graph of f at the point (x, f(x)) is equal to the slope of its tangent line at
(x, f(x)) and is given by

m= lm msec = lim f(x+h)-f(x) Provided the limit exists.
N0 heQ h

2

Ex 1) Find the slope of the graph of f(x) = x~ at the point (-2, 4).

Ex 2) Find the slope of f(x) = -2x + 4 using the definition.

Ex 3) Find a formula for the slope of f(x) = x2 + 1. What s the slope at the points (-1, 2) and (2, 5)?
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Day2on11-3

Definition of a Derivative: This is the formula for the slope of the tangent line to the
graph of f, provided the limit exists.

f'(x)= lim  f(x+h)-1(x)
h—0 —  ©h

Ex 1) Find the derivative of f(x) = 3x° - 2x.

Ex 2) f(x) = ¥x. Find f' (x) and the slope of the graph at points (1, 1) and (4, 2).
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11-4 Limits at Infinity and Limits of Sequences
Day 1

Graphy = f(x) = x + 1
2X

lim f(x) = .5 and Iim f(x) =.5

X 00 Xm0

These limits mean that the value of f(x) gets arbitrarily close to .5 as x decreases or
increases without bound.

Definition of Limits at Infinity
lim  f(x) =L1 and lim f(x) =L2

X ey - 09 X e ©O

Limits at Infinity

im 1= im 1 =
r r
Kemep 0 X Komaep — X
Find the limit.
Ex1) lim (4-3)
X2 -)-(2

Ex 2) lim 10

Xm0

Ex3) lim 3+Xx
X=—bo 3 -X

Ex 4) lim 4x -3
N =20 X +

Ex 5) lim 3% - 4

X 20 1 - X

Ex6) lim 1 -2t+6t
ft-0 5+3t-4’l"J
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Day 2 on 11-4

Did you notice from yesterday...

lfn<m

Ifn=m

Ifn>m

I._Limits of Sequences

1, 1,1, 1, 1, ..
2 4 816 32
lim 1
Nepoo 20

iI. Write the first § terms and find the limit. Assume n begins
with 1.

Ex 1) lim 2n+1
Nes=  n+4

Ex2) Im 2n +1
Ne>e N~ +4

Ex3) lm  2n2+1

N 4N

Ex 4) lim 0"

Nepe N

Ex5) lim n?
Neye AT




11-5 The Area Problem
Day 1

Objective:  Find limits of summations.
Use rectangles to approximate areas of plane regions

Use limits of summations to find areas of plane regions.

Summation Formulas and Properties (page 782

1. n
E c=cn ¢ = constant
i=1
2. n
E :i= nn+1)
i=1 2
3

<o
Z 2= nn+Hen+1)
o 6
T=

.n
i=1

S, n
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200

EX2)Zi

i=1

25
Ex 3) o
E 24

j=1

n
Ex4) - i3
2.7

i=1

a) Rewrite as a rational function.

b) Complete the table.

100 | 10’ 102 I 10

¢) Findthe Iim s(n) =

N0
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Area of a Plane Region--see example 4, page 785. You can get a negative area when under x-
axis, just change it to positive.

n
A=lim E fla+ (b-2a)i) (b-2a) Things to remember:
N> i = 4 n n

Ex 5) See number 17 on page 788. Find the area using rectangles: f(x) = (.25)x3

E

X 6) See #21 on page 788. Complete the table showing the approximate area

of the region in the graph using n rectangles of equal length.

A

n

) f(x) = (1/9)x°

4 8 20 | 50

A
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11-5 day 2

[. Use the limit process to find the area of the region between the graph of the
function and the x-axis over the given interval.

Ex 1) f(x) = 3x - X2 [1,2]

Ex 2) f(x) = 4x + 1 [0,1]
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Ex 3) f(x) =2 - X2 [-1, 1]




Pre-Calculus

éx
Extra Credit--Ch. 10 Name_______

Tyler, Julian, and Nadja have been earning money designing and producing
brochures and flyers for small businesses in their area. They plan to use the paper and
ink they have on hand to fill some orders they have for publications. Unfortunately,
they have more work then time and would like to know how many of each type of

publication they should manufacture to maximize their profits.

They have 500 sheets of production paper. Single sided flyers are sold in 20 copy
packets and need 20 sheets of paper per pack. Double sided brochures come in 10
packs and would need 10 sheets of paper. They have 60 units of ink, and on average
use 1 unit for a pack of flyers and 3 per pack of brochures. All of the projects they have
are new orders and will need to be both designed and printed. On average, it takes 2
hours to design and print a packet of flyers and 3 for a brochure. They feel they can
allocate a total of 72 hours to this. If their profit on a flyer pack is $10, and is $20 on a
brochure pack, how many of each should they make to maximize their profit?



